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NUMERICAL SOLUTION OF THE PROBLEM OF SUPERSONIC FLOW AT AN ANGLE 
OF ATTACK PAST CONICAL BODIES 

N. A. Makhin and V. F. Syagayev 

Analysis introducing an improvement t o  a method pro- 
posed by Syagayev f o r  ca lcu la t ing  the  flow p a s t  an arbi-  
t r a r y  smooth cone--e.g., an e l l i p t i c a l  cone. The use of 
the  o r i g i n a l  method i s  associated wi th  d i f f i c u l t i e s  due t o  
unknown pos i t i on  of the c r i t i c a l  po in t  on a cone and t h e  
necess i ty  of formulating addi t iona l  s i n g u l a r i t i e s .  Another 
drawback i s  the  assumption ( i n  no way obvious) t h a t  on a 
so l id  body the  entropy function has i t s  maximum value. It 
i s  shown t h a t  the p o t e n t i a l i t i e s  of the  method can be sub- 

. s t a n t i a l l y  increased by subs t i t u t ing  <, cp coordinates f o r  
the  sphe r i ca l  coordinates 8,  cp, and t o  consider not the 
entropy func t ion  but r a t h e r  dens i ty  and pressure as  t he  
q u a n t i t i e s  t o  be determined. 

If t h e  method proposed i n  reference 1 i s  used t o  compute the  flow p a s t  
an a r b i t r a r y  smooth conical body, f o r  example an e l l i p t i c a l  cone a t  an angle of 
a t t ack ,  severe d i f f i c u l t i e s  a r i s e  due t o  t he  formation of add i t iona l  singular- 
i t i e s  and due t o  the  unknown p o s i t i o n  of the  c r i t i c a l  po in t  on the  body. 

]140* 

I n  addi t ion  t o  t h i s  the  proposit ion used i n  reference 1 which s t a t e s  t h a t  
t he  entropy func t ion  on a so l id  body assumes a maximum value, i s  not obvious i n  
the  genera l  case.  

The p o t e n t i a l i t i e s  of the  method are s u b s t a n t i a l l y  expanded i f ,  i n  place 
of sphe r i ca l  coordinates 8,  cp,we introduce new coordinates 5 ,  cp and i f  i n  place 
of t h e  entropy func t ionswe  consider density and pressure a s  the  unknown 
q u a n t i t i e s .  

1. The system of equations which describes conic flows of homogeneous 
nonconducting gas i n  terms of t he  var iab les  cp, 5 may be represented i n  the  f o l -  
lowing form: 

* -  . * 
Numbers given i n  margin ind ica te  pagination i n  o r i g i n a l  fore ign  t e x t .  
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W - v  -- KI= Ee' (rp) 9 eo' (cp),  
e (cp) = 8. (v) - 0" (cp), sin0 K Ka - 

aW av \ 
vw - + u  (2aa-v'-w~)~sin8.$vcraoose \ acp 

vwsin 8 -+ (a2 - w2) K ,  
K4=(aa-w2)a(P - 

I e--80 
''=I (a* - va) sin e + vwyl  f = - e, - 00 

I 
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Here u, v, w, are dimensionless ve loc i t i e s  along the axes of the sphe r i ca l  
coordinates re fer red  t o  V,; P i s  the densi ty  re fer red  t o  P,; p i s  the pressure 

2 re fer red  t o  HP&; M, i s  t h e  Mach number of t h e  unperturbed flow; Oo=Oo(Cp) is 
t h e  equation of t h e  assigned body, 9+=9dcp) i s  t h e  equation of t h e  assigned 

- 

shock wave; t h e  superscr ip t  *means t h a t  t h e  q u a n t i t i e s  p e r t a i n  t o  t h e  body 
while t h e  subscr ip t  i t  i nd ica t e s  t h a t  they p e r t a i n  t o  t h e  shock wave. 
apostrophe * i nd ica t e s  t h a t  d i f f e r e n t i a t i o n  is c a r r i e d  out with respect  t o  
t h e  argument. 

The 

The system of equations (1.1) is  integratedonuEerical ly  from the assigned /141 
shock wave 6,=8,((p) (5=1) t o  the assigned body 8 =8 ( c p )  (5=0)  under the  follow- 

ing  boundary conditions on the shock wave (a i s  the angle of a t t ack )  

X'+ 1 2 
p* = x T [ l  + ( x -  1) M,*(v -wtgP,)2 cosap. / 

I 
I / do* u = (cosa  c ~ g  O, -b s ina  coscp) sin 0, 

d q  ' u = (sina ctg 8, cosy - cosa) sin 8, tgp, - . sin 0, 

w = - sina sin9 

If the  q u a n t i t i e s  C(cp)  are  selected wi th  the  required degree of accuracy 
the  boundary condition on the assigned body w i l l  he ( t = O )  

v, = v cos - w sin'j3j = O j  (1.3) 

The de r iva t ives  with respect  t o  the angle cp which a re  contained i n  equa- 
t i o n  (1.1) were determined numerically i n  the  course of the ca lcu la t ions  by 
using the  S t e r l i n g  formula ( r e f .  2).  

2. As an example, f igures  1-4  show the  computation r e s u l t s  f o r  flow around 
an e l l i p t i c  cone with parameters k1.66; K9=1.39 a t  Mm=6. 

2 
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Figure 1. 

. 
Figure 2. 

/ i 
i 

Figure 3. Figure 4. 

The system of equations (1.1) i n  t h i s  case was in tegra ted  i n  the f i rs t  ap- 
proximation using t h e  Euler method w i t h  an in t eg ra t ion  s t e p  of A5=1/64 and A c p  
c/8.  The computations were car r ied  out f o r  angles of a t t a c k  OFZ,.~', i o o .  

The r e s u l t s  of computing the  pressure coe f f i c i en t s  po on the  cone f o r  a=O 
and *loo a re  compared i n  f igure  1 w i t h  experimental da ta  f o r  a cone which i s  
c lose  t o  an oval cone ( r e f .  3).  

The c ross  sec t ions  of t he  plane normal t o  the  ax i s  of the cone represented 
i n  f i g u r e  2 i l l u s t r a t e  t he  shape and pos i t ion  of t he  attached conical shock 
w a v e  aiili a lso the  p o s l t l z n  cf t h e  critical po in t s  on the  body f o r  t he  i n v e s t i -  
gated angles of a t t a c k  
- - -_ -_  
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Figure 3 shows the graph f o r  the va r i a t ion  of the  entropy funct ion f o r  the  
case when the angle of a t tack  i s  -5" 

1 xMWaP 
x(x - -1 )  In- S =  

PK 

The curves 1-6 correspond t o  the  parameter 5=1, 0.5, 0.25, 0.125, 0.0325, 0. 

We can see t h a t  a s  the body i s  approached (5=0) the  values of t he  entropy 
funct ion a r e  smoothed out;  however they do not become constant on the body ap- 
parent ly  due t o  the e r r o r s  i n  the computations which occur close t o  the  body 
(5<0.03125) i n  the neighborhood of the  s ingu la r i ty  ((p.22.5' and ~ 4 5 ' ) .  For 
t h i s  same angle of attack.a=>", f i gu re  4 shows the va r i a t ion  i n  the ve loc i ty  
component which i s  normal t o  the meridional plane cp=const. 
respond t o  the  parameter 5=0.1, 0.5, 0.25. 
and p 4 5 "  when 5=0 a l so  e x i s t s  i n  the  r e l a t ionsh ip  w=w(cp). 

/142 
The curves 1-4 cor- 

The e r r o r  noted above when ~ 2 2 . 5 '  

3. The ca lcu la t ions  car r ied  out  by means of the  above scheme a l s o  turned 
out  t o  be r a t h e r  complex because unl ike the  one discussed i n  reference 1, t h i s  
scheme makes it possible  t o  pass through the  s i n g u l a r i t y  when computing the in- 
termediate inverse problems. This could c rea t e  ce r t a in  d i f f i c u l t i e s  i n  s e l e c t -  
ing the  aper ture  angles of the  shock i n  the  planes p e o n s t ,  which ad jo in  the  
plane of the  s ingular  ray.  It should be pointed out  t h a t  from t h e  p r a c t i c a l  
s tandpoint  these d i f f i c u l t i e s  were not too g r e a t  because the  aperture  angles of 
the  shock wave could be se lec ted  i n  the  spec i f ied  planes without any addi t iona l  
e f f o r t s  compared wi th  the  method of s e l ec t ing  t h e  shock aperture  anglesin o ther  
planes p c o n s t ,  when the  requirements f o r  the  accuracy i n  the  f u l f i l l m e n t  of 
the  boundary conditions on the assigned body were moderate. 

However, as a whole, ca lcu la t ions  o f  t h i s  type showed t h a t  when the flow 
i s  around cones which a re  d i f f e r e n t  from c i r c u l a r  cones, f o r  example, e l l i p t i -  
c a l  cones, i n  t h i s  system of computations the re  a re  a l s o  addi t iona l  d i f f i c u l -  
t i e s  which a re  manifested by the  f a c t  t h a t  the accuracy which i s  achieved f o r  
the boundary conditions on the body subs t an t i a l ly  decreases. Thus the  compu- 
t a t i o n s  of  flows around c i r c u l a r  and e l l i p t i c a l  cones using the  same computa- 
t i o n  method and using the simplest  method of i n t eg ra t ing  the  system of 
equat ions (1.1) made it possible  t o  s a t i s f y  the  boundary conditions on the  
c i r c u l a r  cone with an accuracy up t o  l A v n l = O . O O l  and on the e l l i p t i c a l  cone 

only with an accuracy up t o  jhvniaO.O1. Obviously t h i s  i s  explained by the  

e f f e c t  of t he  addi t iona l  s ingu la r i ty  and a l s o  by the  more complex boundary 
condi t ions on the e l l i p t i c a l  cone ( i n  the case of a c i r c u l a r  cone, condi t ion 
(1.3) has the form: vn=vo=O), which 111akes it more d i f f i c u l t  t z  s e l e c t  the 

aper ture  angles  of the  shock wave. 
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